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Abstract
We present theoretical estimations of the electrical conductivity of a warm
expanded aluminium plasma (ρ = 0.3 g cm−3). Our calculations are carried
out in the framework of density functional theory and the local density
approximation. Ionic configurations were determined by ab initio molecular
dynamics simulations, from which the conductivity was computed using the
Kubo–Greenwood formula. Theoretical results were validated in the dense
coupled regime (ρ = 2 g cm−3) against previously published experimental
results. For the low-density regime, the result is compared to experiments
obtained in our laboratory in an isochoric closed-vessel designed to confine
electrical plasma discharges up to 1.5 GPa. In this regime we show that the
usual Drude model is no longer relevant and that the electrical conductivity is
driven by the optical properties.

PACS numbers: 52.25.−b, 52.65.−y, 52.50.−b, 52.70.−m

1. Introduction

Many models for computing electrical conductivity have been developed to account for
strong coupling (SC) and partial degeneracy effects [1, 2]. Most of these rely on the Ziman
theory [3, 4], which requires, as an input function, knowledge of the ionic structure factor.
In this regime, the interactions between ions are screened by the electronic polarization
and up to now there has been no correct model to account for non-linear screening.
Ab initio molecular dynamics is ideally suited for this type of problem, precisely because
no adjustable parameters or empirical inter-ionic potentials are needed. The energetics
of the system and the forces on the ions are calculated by first-principle methods, which
make the subsequent ionic structure consistent with the degeneracy of the electrons. This
method has been successfully used on liquids [5–8] and is applied in this paper to a
theoretical calculation of the electrical conductivity of expanded aluminium at low density
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(ρ = 0.3 g cm−3). This regime corresponds to recent experimental measurements obtained
in an isochoric plasma closed-vessel (EPI) designed to confine electrical plasma discharges
up to 1.5 GPa.

The experiment is described at length in [9, 10]. In the EPI device, the plasma is kept in
a constant volume channel during a slow electrical discharge (250 µs). The confinement is
realized by the mechanical properties of the chamber and the plasma phase can be considered
almost isochoric. This allows direct measurements, in the course of the electrical discharge,
of mass density, input energy and electrical conductivity without any external model [9].
In most experiments on aluminium, temperature is not directly measured but deduced from
measurements of energy input, or measured spectroscopically [11, 12]. We have chosen
to plot electrical conductivity versus internal energy variation, which is unusual. This is a
pertinent representation which avoids the need of an external model to compare experimental
and theoretical results.

Such a dilute metallic system is a new field of application for ab initio simulations and
computation of the electrical conductivity. In order to verify our implementation of the method,
we first present results in the dense degenerate regime (ρ = 2 g cm−3) where experimental
results and computational estimations are available showing the validity of the Drude model
at high density.

2. Ab initio calculations

The most general formulation for computing the electrical conductivity is given by the Kubo–
Greenwood formulation in which no particular assumptions are made on the ionic structure or
on the electron–ion interactions. The real part of the optical conductivity σ(ω) is given by

σ(ω) = 2πe2
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where ω is the frequency, e is the electronic charge, ψn and En are the electronic eigenstates
and eigenvalues for the electronic state n at a given k-point in the Brillouin zone, fn is the
Fermi distribution function, and v̂ is the velocity operator. Calculations of the eigenstates
and eigenvalues are made in the framework of density functional theory. W(k) is the k-
point weight in the Brillouin zone using the Monkhorst–Pack scheme. In most publications
using the Kubo–Greenwood formalism [6, 7, 13], the velocity operator v̂ is expressed as the
momentum operator p̂

m
. This is correct if the Hamiltonian contains only local potential. In our

case, nonlocal pseudo-potentials are used and this equivalence is no longer valid. Then, we
compute the real velocity matrix elements

〈
ψk
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〉
. Technical details of the computation of

matrix elements can be found in [14, 15]. The δ function can be resolved by using a Gaussian
regularization. The dc electrical conductivity σdc computation is obtained by extrapolating
optical conductivity to ω = 0.

All of our simulations use constant density and volume. We use a finite sample in
a basic cubic reference cell, with a finite number of electrons. We also invoke periodic
boundary conditions. The simulation of periodic systems introduces the question of Brillouin
zone sampling. Methods have been devised for obtaining very accurate approximations
to the electronic potential and the contribution to the total energy from electronic orbitals
by calculating the electronic states at special k-points in the Brillouin zone (BZ). For large
disordered systems, this constraint becomes less compelling and simulations at the � point can
be used. The electrical conductivity and, more generally, optical properties are very sensitive
to a detailed description of the electronic density. In particular, a correct BZ sampling is
necessary to obtain accurate results. This observation has led us to use a two-step procedure.



Electrical conductivity of a strongly correlated aluminium plasma 6035

In a first step, the ionic structure is generated with the ab initio code, VASP, developed
at the Technical University of Vienna [16], in which ion–electron interactions are described
with Vanderbilt ultra-soft pseudo-potentials [17]. The Perdew and Wang parametrization of
the generalized gradient approximation [18] is used for the exchange and correlation potential.
The generation of atomic structures is carried out at the � point and is performed for 32 or
108 atoms for 300 to 500 time steps of 2 fs after equilibration without a thermostat (pure
microcanonical). We consider electronic states occupied down to 10−6.

In a second step, for selected statistically independent atomic configurations, a self-
consistent ground-state calculation is performed with the ABINIT code [19, 20] to obtain
the detailed electronic structure. The electronic calculation is performed in the local
density approximation (LDA) with the Ceperley–Adler [21] exchange-correlation energy as
parametrized by Perdew and Wang [22]. The pseudopotential used in our work is generated
by the method of Troullier–Martins [23]: 3s and 3p states are treated as valence electrons and
we use a d non-local part. Orbitals are expanded in plane waves up to a cut-off of 12 Ry.
The BZ was sampled with the Monkhorst–Pack scheme [24] and convergence in k-vectors
was tested. We find that for simulations with 108 atoms, convergence is reached with the use
of four special k-points. For high density, between 250 (for T = 1000 K) and 500 (for T =
14 500 K) orbitals are considered for a 108-atom cubic cell. For low density, between 300 and
500 orbitals are considered for a 32-atom cubic cell.

3. Results

3.1. Dense degenerate regime (ρ = 2 g cm−3)

As mentioned in section 2, we first performed ab initio simulations with the VASP code using
108 particles at three temperatures: 1000, 5000 and 14 500 K. Trajectories were generated for
500 time steps of 2 fs at the � point.

In order to check our implementation of the method, we computed the electrical
conductivity at a density of 2 g cm−3 representative of expanded liquid aluminium. From
the molecular dynamics simulations performed at the � point, the electronic structure has
been computed for five statistically independent configurations with four k-points. As an
example, the density of occupied states (DOS) and the optical conductivity at 14 500 K are
presented in figure 1. The shape of the DOS and of the optical conductivity does not change
with temperature [10]. As expected in this regime, the DOS exhibits the usual free-electron-
like behaviour. There is neither a gap nor minimum near the Fermi level. The Drude formula

σ(ω) = σdc

1 + ω2τ 2
(2)

where τ is the relaxation time, accurately reproduces the optical conductivity σ(ω)

(figure 1(b)) confirming the metallic character of aluminium at ρ = 2 g cm−3. Using this fit, the
zero-frequency limit yields the dc conductivity. As shown in figure 2, we found an excellent
agreement with previous theoretical calculations [6, 25] and experimental measurements
[26–28].

3.2. Partially degenerate regime (ρ = 0.3 g cm−3)

Using the same procedure, we generated ionic configurations representative of the plasma
created in the EPI (ρ = 0.3 g cm−3). It must be noted that such a small density is much more
demanding of computer resources than the previous case because of a larger simulation box
and, consequently, the number of plane waves to be computed. This is why microcanonical
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Figure 1. Density of states (a) and optical conductivities (b) at T = 14 500 K and ρ = 2 g cm−3.
The full line in (b) is the Drude fit given by equation (2).
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Figure 2. Electrical dc conductivity versus temperature at ρ = 2 g cm−3. Our model (full circles)
is compared with simulations of Silvestrelli (full diamond, [6]) and with the experiments of [28]
(square), [26] (up triangle) and [27] (down triangle).

simulations are performed for only 32 atoms, for 300 time steps after equilibration for
T = 7600, 11 700 and 16 400 K. The evaluation of internal energy variation using quantum
molecular dynamics allows a direct comparison against the experimental points obtained in
the EPI. As in the previous case, the optical analysis is derived afterwards from selected ionic
configurations.

The DOS and the optical conductivity are shown in figure 3. The general shape of the
DOS and of the optical conductivity does not change with temperature [10]. We no longer
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Figure 3. Density of states (a) and optical conductivities (b) at ρ = 0.3 g cm−3 and T = 16 400 K.
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Figure 4. Electrical dc conductivity (full circles) versus internal energy at ρ = 0.3 g cm−3

compared with our experimental data (open circles).

observe a free-electron-like form and a structure appears in the DOS. The band centred on
∼−3 eV is due to the 3s electrons and shoulder around ∼−2 eV due to the 3p electrons.

Clearly, optical conductivities, plotted versus frequency in figure 3(b), are no longer
characteristic of a simple free-electron Drude metal but are more reminiscent of non-metallic
systems [5, 13]. In view of the difference in the DOS between the two densities, it is not
surprising to find that electrical conductivity changes dramatically. The peak around 5 eV can
be attributed to the transitions between the occupied bands at ∼3 eV below the Fermi level
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of 3s character and the partially occupied states with energies ∼2 eV above the Fermi level of
3p character.

The resulting experimental and theoretical electrical conductivities are plotted as a
function of the internal energy in figure 4 and are compared to the experiments. The vertical
error bars on the experimental points indicate the uncertainty in the conductivity resulting
from voltage, current and geometry measurements. The uncertainty in the internal energy
is assumed to be equal to the uncertainty in the input electrical energy, i.e. 15%. For the
theoretical conductivities, the extrapolation to zero frequency is much more difficult due to
the statistical noise of the optical spectra at low frequency leading to large errors bars in
figure 3. The extrapolation is carried out using a cubic regression on the four first points. The
order of magnitude of the conductivity is characteristic of a semiconductor in accordance with
the shape of the optical conductivity. The computed electrical conductivity agrees well with
the experimental conductivity.

4. Conclusion

We have computed the electrical conductivity of an aluminium plasma at low density ρ =
0.3 g cm−3 using ab initio molecular dynamics and Kubo–Greenwood formulation. The
predicted conductivities are in very close agreement with recent experimental data obtained
with the EPI facility and are showing a dramatic change from a Drude behaviour at high
density, to a semiconductor-like behaviour at low density.
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